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NOTATION

The notation used in this report conforms with that of Reference 1, and the inch-pound-
second system of units is retained. The only modifications introduced are subscripts or
superscripts required to distinguish between the cradle (Body 1 or I) and the assembly

(Body 2 or II). The two sets of axes used are parallel to each other but are otherwise
arbitrary and need not be principal axes of inertia. Illustrative samples are given here.

F1-1 Force in the o.direction exerted on Body I by the upper set of mountings
due to a general displacement of Body I with Body U, held fixed

F", n  Force in the y-direction exerted on Body II due to a general displacement7
of Body I with Body II held fixed

F Force in the a-direction exerted on Body I due to a general displacement

of Body II with Body I held fixed

Mass moment of inertia of the cradle (Body I) with respect to O01

IN Mass product of inertia of the assembly (Body 11) with respect to

02 02 and 02 Y2

AV Spring constant of the entire lower sot of mountings relating a displacement
of the cradle in the V-dirootion with the restoring force in the a-.diteoton,

uad conversely

X Spring constaut of the entire upper set of mountings giving eithoer the
restoring force acting on the assembly in the "direotion due to unit
rotation of the assembly about 02 r2 or the restoring torque about 02 92

duo to a unit displacoment of the assembly in the s-diroctiou, the cradle
being hold fixed in either case

XU Spring constant of the entir upper set of mountings relating a displacement
of the ocradle in the -directiou with the restoring frcte acting on the cradle
in the yiireotioa, the assembly being held fixed.

Kt IV I ithldl od ie
Moment exerted on Body t with respect to 02 02 duo to a general displacement
of Body I with Body II held fixed

_ Mi Moment exerted on Body II with respect to 02 duo to a general displacement7 0
of Body II with Body I hold fixed

SMoment exetd on Body I with respect to 01 , duo to a genoral displacement
of Body H with Bdy I hold fixed

iii



01 Mass of the cradle (Body 1)

M 2  Mass of the assembly (Body 2)

U1 IW Small displacements of the center of mass of Body I in the o-, y-, and
s-directions, respectively

*2 2t 7 2 Small rotations of Body II about 02 'T25 02 SY21 and 02 22, respectively

iv



ABSTRACT

The natural frequencies and normal modes of vibration of a cc. ipound
mounting system are determined. The system consists of an assembly
supported by a set of isolation mountings carried by a cradle which is, in
turn, supported by another set of isolation mountings attached to the hull of
a ship. The dynamical equations of motion of the system and the numerical
solution of a specific example are given.

INTRODUCTION

The subject of isolation mounting of shipboard equipment as applied to single assem-
blies is discussed in detail in Reference I.* There the general dynamical equations for the
system, consisting of a rigid assembly supported by a set of mountings of arbitrary orientation,
are derived, and it is pointed out that the normal modes and natural frequencies of this sys.
tem, which has six degrees of freedom, can be found by the use of a digital computer.
Although Reference 1 points out the advantages of designing such systems so that planes of
vibrational symmetry exist, the general problem which was coded was subject to no restrictions
as to symmetry. This permitted the use of a set of reference uXes with arbitrary orientation.
The only restriction was that the origin of the coordinutos be locatod at the center of gravity
of the mounted assembly in its rest position.

Although compound isolation mounting systems have been in use for some me, they

have become of increasing interest since the publication of Reference I. In the compound
system a cradle or rigid frame is interposed between the hull and the bases of the mountings
which support the asaembly and the cradle is, itself, supported by anothor sot of mountings
whose bes are secured to the hull structure.

The lureau of Ships requested the David Taylor Model Basin to develop methods for
calculating the normal nwtPs and natural tequoncies of such systems. 2 Acc rdingly, this
report is concerned with the extension of the analyses given in Reforenco 1 to compound
systemos. The treatment of the jsanie problem by the eloetrical analogy is discussed in
tloforonoo a.

DYNAICAL EQUATIONS

The system under considaration is shown schematically in elevation in Figuro 1. The
uppor body, whose mass is xi2 , compristS the entire assembly. The lower body, whou mass

is ol comprises the cradle. In this schematic representation two pairs of coil springs are
shown. Each pair ropresents a complete sot of isolation mountings not limited in number.

4.ROW2.4 mae U"*. o pe 12.
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Figure I - Schematic Elevation of Compound Isolation Mounting System

The lower pair of springs represents the set between the cradle and the hull, whoteas the
upper pair represents the set between the cradle and the assembly.

In Figure 1 the system Is assumed to be in its rest position, under gravity, with the
mountings unlocked. For this condition a fixed (in spceo) set of rootangular coordinate "ax
with origin ast the centor of gravity is established for each body. Only the 0- and a-xos
appear iu Figure 1, but each sot is actually a sot of right-hand axes of the type indicated in
Figure 2. Although there is no restriction as to the orientation of the axes with rospect
to either body, the problem has boon coded on the assumption that the two sets of axes

are parallel.
Obviously, the cradle is subject to forces and moments exerted by both sots of mount-

ings, whereas the assembly is affocwd by the upper sot only. Furthermore, it is clear that,
if the assembly is held fixed, the cradle is subjoet to the analysis given in Appendix 5 of
Reference I for the one-body system. In this case, the two sots of mountings combine into a
single sot since the assembly then in effect becomes part of the hull.

Except for obvious subscript and suporscript designations, the notation in this report
conforms with that of Reference 1, and the Inch-pound-secoud system of units is retained.
Thus the K's are spring constants of entire sets of mountings; I. is the mass moment of

2



inertia of the cradle with respect to 01 x1 ; XI is the mass product of inertia of the assembly
with respect to 02 02 and 02Y2; and m 1 is the mass of the cradle.

Figure 2 - Right-fland Coordinate -
System Used in Analysis

As in Reference 1, ka is the axial spring constant and k, is the radial spring constant

of an individual mounting. It should be noted at this point, however, that, whereas the coordi-

nates of the effective points of attachment of the individual lower mountings need be specified
only with respect to the axes xI, yI and aI, the coordinates of the effective points of attach-

ment of the individual upper mountings must be given with respect to T21 y,1 and a2 as welf as

X11 Y11 and a, because in the analysis presented in this report two sets of K's are used for
the upper set of mountings, each one derived by holding one of the bodies fixed.

The Kr's are the spring constants of the entire lower sot of mountings with respect to

axes whoso origins are at the center of gravity of the cradle; hence, they ate evaluated exactly

as in the one-body problem discussed in Appendix 5 of Reference I.

The K111's are the opring constsne of the entire upper set of mountings evaluated with

respoot to the samen axes ao the K119, the assembly being considered hold fixed.

The k's are the spring constants of the entire upior set of mountings with respect to
axes with origins at the center of gravity of the assembly, the cradle boing considered hold

fixed.
With kIV -,. + K111 the combined sot of mountings is reduced to one set since, if the

assembly is hold fixed, the cradle then comprises a system of the type troatod in Reference 1.
The restrictions noted on page 99 of Reference I with regard to torques developed in

the mountings themolvos ate rotained, but it is noted here that, if mountings are to be uq.ed
which do not have polar symmetry but whose principal elastic axes have boon located, they

may be toated as three deparate mountings, each having only ka (that is k, 0). In this c49o

there must be specified the direction angles which each of the elastic axes makes *ith the
coordinato axes chosen, as well as the three separate values of k. for each mounting.

Likewise, as previously, the analysis Is valid only for small motions about the
equilibeium position and within the linear range of the elastic propertios of the mountings.

It is implied that the moments and products of inertia of the bodies relative to the fixed axes

do not chango significantly within the rango of vibration amplitudes considered.



Within the range of small motions assumed, the elastic forces and moments resulting

from a general displacement of both bodies will be the sum of the forces and moments arising

from any linear combination of displacements that yields the same resultant displacements.

A convenient combination of displacements is: first, a displacement of the cradle to its

final position with the assembly held fixed; and, second, a displacement of the assembly to

its final position with the cradle held fixed in its equilibrium position. For each of these,

the forces and moments acting on the body that has been displaced are readily evaluated once

the set of elastic constants of the entire set of mountings is evaluated for the assumed

condition.

Specifically, when the cradle is held fixed, the forces and moments acting on the

assembly can be derived by the equations given in Reference I provided the K1's for the

upper set of mountings are evaluated according to the given formulas with respect to axes
whose origins are at the center of gravity of the assembly. Similarly, when the assembly is

held fixed, the forces and moments acting on the cradle are given by the equations in

Reference I provided the K's and KUll's are evaluated according to the formu. .s given in

Reference 1. Obviously, in this case the upper and lower sots of mountings may be regarded

as a single set KIv - 1 + Kil l.

The dynamical equations require the evaluation of the forces in the Z., Y-, and a.

directions and of the moments about 0, 0V, and Oa for each body when tho system is

oscillating in any normal mode. Since the two sets of axes are parallel, the force components
which the upper sot of mountings exerts on the cradle are equal and opposite to those which

it exerts on the assembly. However, since the axes have separate origins, the moments

exerted by the upper set of mounts on the cradle will not be equal *ad opposite to the

moments on the assembly.

enceo, before the dynmicas equations for the compound system can be written, it is

necessary to establish the equations for the transfer of moments oxortd by the !tppar 4a of

mountings from one body to the other.
Lot a moment exerted on Body It (with respect to axes xa, Y2, 112) doe to CoUon of

Body I with Body It hold fixed be designated 1141% nnd the moment on Body UI with respot

to the same axes duo to the motion of Body It with Body I held fixed be designated M1t .*.

Likewise, lot the mnoment on Body I (with rospeot to x I , Yt, 'I) due to the motion of
Body It with Body I hold fixed by M1*.-, and the moment. on Body I duo to the motion of

Body I with Body It hold fixed by MI.

Lot the forces he similarly dosignatod, but recall that

and

In doriving the moeiont relations it must be recalled that the equal and opposite forces
exerted by any mounting are considered to act at the effective point of attachment of that

4



mounting. It should be noted that such points do not appear in Figure 1, which is only
schematic. The latter point, which is Cj:-cussed in detail in Reference 1, is common to both

bodies when the part of the mounting attached to either body is regarded as integral with that
body. Rence, the forces which any mounting of the upper set exerts on the two bodies are not
only equal and opposite in direction but act through the same point if small vibratory displace-

* ments are neglected. Torques developed within the mountings themselves are neglected hcre.

Then, if the superscript I is used to denote the coordinates of the origin 0 1 with respect to

axes x2, Y2, 2 and the superscript II is used to denote the coordinates of the origin 02 with
respect to axes x, Y9 al, the following equations for transfer of moments applied by the
upper set of mountings result.

,tzzI . (; u~z+ FzU lx -x yXXal

Xyl l - (AV ,1ll + FzI Y11  - F .Y 11fllII)

Al It11 .(,Yj 11,11 + Fyl,, l; 3l - F S"a 11, y11)

z I1.1 + Fl,1 , 1_ - 1 1- 11

X _ 'l + F -Y I F 1 y1)

All foreos appearing in thoso equations are oorted only by the upper seo of mountinga and awo
the resultant for that Ontire set,

Let it be assunied that 01 fails on 0,. Thon, since all the forces on the two bodies are
equal and opposite and ill the lovor arms are in this case identical, the not mnont4 will also
be equal and opposite; that is, 4A11-1 1 l-1. The additional torms on the right sido of the

oquations arise when 01 is shifted to the po'ition, yt1, a t ad it is nroted that

21 .11 1 I 4

There will be twolve dynamical equations each obtained by equating the time rate of

ohango of linoi or angular momontum of one of the bodies to the resultant force or moment

acting on that body. The rates of chang of moutontum when expressed in algebraic forum are

identical with those use,, for the one-body problem in Roree onco I such as - m U - and
(-s vl U2, + It Y W2) appearing in the equations at the top of page 104 of
Refoernce 1.

The force and monmont oxj-ossions for the compound or two-body problem can be
written down at once when it is remembered that each force or mtont is Cho rosultant of tho
force or moment doveloted first by holding Body It fixed and moving Body I to its final
position and then by holding Body I fixed and moving Body It to its final posiion.
The rules for transforring forces and momonw from one body to the other have beon given.

As an illustration, the equation for time rato of change of rocLilinoar momentum of

Body I in the .- diroction is:

5



(Ku I tK11) + (K 4u 1 ku 5 ' v I

+ (K 1 + K 111) + (K~ Il'Kl')

-KLjt 2 A I'U t 2K WJtW2 - 1 Lu 0 2

The equations for time rate of change of angular momentum contain more terms than

those for rectilinear momentum but are obtained by the san.e general procedure. Thus

(Kua+ KI) u, + (Kv + K vl ]

+~~ ~ ~ (K +K 11

where

U2 K " V, K 1t U

- W . tWO
UW kO 2  0 ,

(U. 4 Y4'-v ~

When the totmo with. .Cond dativativos in timo are conv4rKO to algobtaic form aod all torms

are transfoctod to the left-hand aid* of tho aquationu, the complote act of twolvo dyniamial

equations yiolds the frequoney dotarminafit shown on pego 7.

The lU by 12 ma . i syrmmtticatl with re poct to the main isgonal, which impi"

that the K'l'S can be eUpreSaed in terms of the 01"s and vice versa.

The digital solutiou of the problom follows the schotao usod for the ooo-body problem

atu discussed in Roforouco 1.
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SAMPLE CALCULATION

Although the compound mounting problem chosen for solution resulted from a specific

shipboard installation, it is unnecessary to discuss the equipment involved here. It is

sufficient to state that the system was such that, at least within the range of vibration

frequencies to be dealt with, both the assembly and the supporting cradle could be considered

as rigid bodies. These are designated as Bodies I and I, in accordance with Figure 1.
It is assumed that Lhe static problem has been previously solved, which means that the

position of the center of gravity and the orientation of each body with respect to the hull is

known. Then axes x,, Y!' o, and 02, Y2, Z2 are established with origins at the centers of

gravity and known orientation with respect to the hull.

The masses and moments of inertia of the bodies were:.

m1 = 5.10 lb-seo.2/in.

I = 307 lb-sec 2 in.

IYI- 10,080 lb-sec 2 in.

131 - 10,080 lb.seo2 in.

M2  6.51 lb-sec 2 /in.

Ix11 - 1768 lb-sec 2 in.

I y U 3150 lb-soc 2 in.

i t - 4800 lb-seo 2 in.

The produots of inertia for both bodies are zero; i.e,,

IsyI [ I X4 I y.I S 10

and
ix 1 . I IVU .I Y 1.0

The lower sot of mountings consisted of four idontical mountings with axial spring

constants k0  3 870 lb/in, sad radial spring constants k, - 2000 lb/in. The coordinates of

the effective points of attachment of those mountings with respect to X1, ya a,, used to

ovaluate the Kits, weo:

4,ounting X Y
1 44. -7.5 -7.35

2 44.S 7.5 -7.35

3 -44.5 7.5 -7.35

4 -44.5 . 5 -7.



The orientation of the axes of all four mountings was:

cos 0X = 0

cos 0 = 0

cos 0Z = 1

The upper set of mountings consisted of four identical mountings with axial spring

constants k. = 2480 lb/in. and radial spring constants K. = 1195 lb/in. The coordinates

of the effective points of attachment of these mountings with respect to 01, Y1, Z1, used to

evaluate the KIII's, were:

Mounting X y Z

1 44,5 -7.5 7.28

2 44.5 7.5 7.28

3 -44.5 7.5 7.28

4 -44.5 1-7.5 7.28

The coordinates of the effective points of attachment of the upper- set o. mountings with
respect to , , a, used to evaluate the Kn's, were:

Mounting os a
1 33,44 -7,5 -20,28

2 33.44 7.5 -20.28

3 -55.56 7,5 -20.28

4 4 -55.56 -7,5 -20.28

The orientation of the axes of all four mountings was:

Cos ox 0
cos O , 0
008 , -1:

Table I shows the printed output of the digital computor for this system. Here V, V,

and W represent t, v, and w; and A, B, and 0 representa, 8, and V. The table gives the

normal-mode pattern corresponding to each of the twelve natural frequencies of the compound

system. Only the relative magnitudes of the values given are significant, but it is to be

noted that, since the input data were given in inoh-pound-second units, the values of
A, B, and 0 will be in radians only when the values of u, v, and tw are expressed in inches,

In Table 1 all displacements are expressed is numbers between 1 and 10 followed by
an exponent expressed in powers of 10. When the system has planes of vibrational symmetry

which coincide with certain planes of the coordinate system chosen, as in this example, the
vormal modes will not actually invol, , all 12 coordinates. However, the coordinates that

are theoretically zero appear in the output data as very small numbers (with exponents from

10 6 to 10- 10).

9



TABLE 1

Output Data Sheet from Digital Computer for
Compound Isolation Mounting System

On this UNIVAC Data Sheet

U11, U2, V1, V2, Wt1, W2 = ul, U2' vl 2, Wl, W2

A1, A2, 81. B2, G0. G2 - a a2, P , ' Y2

NATURAL FREQUENCY a IsO532E 00

Ul a -4,5647E-09 VI - 1v6541E-01 W1 - -1*2176E-09 Al - -17031E-02 81 - -1896OE-10 G1 - 2,0545E-04
U2 -2*4643E-08 V2 a 1.0000C 00 W2 - 6s6157E-09 A2 -31804E-02 B2 - -7#6649E-10 62 - 5*3998E-04

NATURAL FREQUENCY - 4.931SE 00

UX a 20422E-00 Vi - -1*O00OE 00 Wi - -1.9059E-08 Al * 3*2187-0Z 81 - -3o8411E-10 G1 2*8907E-02
U2 - 1#7006E-08 V2 - -1*9301E-01 W2 w -2.2791E-08 A2 a -3,7325E-02 82 - -100429E-09 G2 a 4e85S0E-02

NATURAL FREQUENCY a 494979E 00

Ul - -1.6509E-08 VI a 1*0000E 00 Wi 303550E-08 Al a -2.*3312E-02 B1 - 5,1206E-12 01 v 105002E-02
U2 a 1•7873E-08 V2 a 499157E-01 W2 a 5.5238E-08 A2 a 7#5920E-02 52 a 7.687SE-10 02 * 2*9549E-02

NATURAL FREQUENCY a 4a2694E 00

Ua v 1.0902E-01 VI . 5@4165C-06 Wt . 4#775SE-01 At - -161359E-07 81 - -19859E-03 01 - 14056H-07
U2 - 102569e80i Va a 1* 871aE06 W2 a 1*0000C 00 A2 i 462680E-(" 02 a -4*439490 02 a 24204$1-07

NATURAL FREQUENCY a 29095C 00

Ul a 3.81888-01 V1 a 140805E-07 WI 
• 

-2.2770E-02 Al * -30759E-09 81 0 34880E-03 01 a 401831E.09

vaa 140009~ 00 V2 a 20097AE-07 W2 a -1.23256-01 A2 a 1.722tea09 82 - 606409Z-01 0z 4 409844E-09

NATURAL FREOUENCY a 7*0999E 00

U1 a 140000a 00 V1 4 1.8192E.09 Wt * 1,46409e-o1 Al a 2,86228'10 81 a -264395E-02 01 a 10341-09
U2 a -5651791-Ol V2 a -40S6019-10 W2 a -9446M28.02 A2 a l.4672E-09 81 a -3454999-04 al a 2051919-09

NATURAL FREQUENCY a §&8109f 00

U1 a -1,0000E 00 VI a 7.7 4SI3Ea0 WI a , 4959 0 - Al a 1.25398-09 81 a -1.471F-0o at 0• -143096E-09
U2a 4154201 V2 a 1*474-0B W2 a 1*6l2l1-02 Al a 4*54S88.09 82 a -. 1051E-02 02 & 6#2174E-09

NATURAL FREQUENCY a 9WOVE)8 00

U1 a .103091E-07 VI 0 aI,00008 00 Wt M -143426E-07 Alt 909297C.03 at a -149764E-09 01 a -169500-0
U2 16"506-07 VIa w40469ge801 Wa a 2.02868-OS A2 505.74$8-02 82 a 946158.09 03 a 1044120-02

NATURAL FREQUENCY a 1.0)9E 01

UI a .aT.OYOM-0 6 V a 1.0000E '10 Wi a -1.2651E-07 Al a 2. 047E.-O a 0 -a 0.627f09 01 a -. 6930t-o2
U3 a 64041O8 VI 4 a4s47S46801 va a 14.4064-00 A2 AZ a3#775302 1 a 4 54516-09 02 a 405441ta02

NATURAL FREQUENCY a 1,1S6E 01

UI a Z*960ie8-02 V%• 4:.O0E-09 Wt a 1,00001 00 A w .-60792E-09 81 a -7,125 .03 01 • 2.ZOaIE-09
U2 a .4610461-05 V2 4"t4O809 W2 w -1094191-01 AZ a 1#92498-09 01 a ZaSIlI-0 01 * $061348-09

NATURAL FREQJUENCY * 1#304?t 01

Ul a-7.087-OS V1 a77 -01~~r~ WI a 0I.53807 Al -1,0000C 00 81at -. 4I-6 0 55080
va 0441t0'0 v3a 4060201. W a -1,)1648.0 AZ -1.969SE-02 62 -1091044-04 02 a 1431-01

NATURAL. FREQUENCY a 101671 01

UI a -4 3479 1 VI a S.155-10 WI a 1.0000C 00 At a 561i26E-O0 Ia - -9911E-0t O • -,61e01-0'
U; * 13*aZIO',Ea VZ w AtMOM-09 wa M-$0349-01 A2 a "446-10 GZ a -1 9 1 01 a 1. 0 9S2-09
W C014YEARI0 SYARTIO
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Table 2 gives the essential information contained in Table 1 with the small quantities
deleted and the exponents replaced by the appropriate shift in the decimal points.

TABLE 2

Normal Mode Patterns in Condensed Form for Sample
Compound Isolation Mounting System

The first number applies to the cradle and the second to the
assembly; the calculation was made In Inch-pound-second units.

Natural
-- Frequency U V

cps

- 0.165 -0.0170 0.00021- 1.000 - -0.0318 - 0.00054

2.91 0.382 - -0.0228 - 0.00389 -2.91 1.000 - -0.1233 - 0.00664 -

0.109 - 0.478 - -0.00199 -4.27 0.126 - 1.000 - 0.00454 -

- 1.000 - -0.0233 - 0.0160
4.50 - 0.492 - 0,0759 - 0.0296

- -1.000 - 0.0322 - 0.0289
4.93 - -0.194 - -0.0373 - 0.0486
7 1.0000 - -0.368 - -0.0244 -710 -0.0552 - 0.095 - -0.0359 -

8 -1.000 - -0.1496 - -0.0147 -8.81 0.426 . 0.0161 - -0,0121 -

- -1.000 - 0.00993 - -0,02009.26 - 0.447 - 0.03579 - 0.0166

1.000 - 0.0206 - -0.026910.33 - -0.447 - 0,0378 - 0.0454
11.59 1000 - -0,00713 -

-0.0042 - 0.393 - 0.00238
- -0.772 - -1.0000 - -0.00568

13.05 - -0.880 - -0.0197 - 0.02434

-0.585 - 1.000 - 0.0699 -15.80 0.321 - -0.573 - -0,1929 -
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DISCUSSION AND CONCLUSIONS

This report is concerned chiefly with the mathematical solution of a basic problem in

vibration. It need hardly be emphasized here that it is possible to obtain such solutions only

by idealizing the actual shipboard installation. Only if the assembly and the cradle are

sufficiently rigid in relation to the flexibility of the mountings to be installed in the ship,

will the analysis given in this report be meaningful. It is distinctly in the interest of the

designer to ensure that this condition is fulfilled, for he will then have assurance that the
desired degree of isolation from hull vibration will be realized. An important extension of
the problem not explored in this report is the case in which the hull structure which supports

the mountings carrying the cradle cannot be assumed rigid.

Although in the majority of cases planes of symmetry will exist as in the example

presented here, the equations discussed and the coding for digital solution are in the most
general form and permit any orientation of the assumed axes (provided the two pairs remain

parallel) and any degree of asymmetry either of the cradle or of the assembly.
The treatment of this problem by means of an electrical analog is discussed in

Reference 3.
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